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Let *X* be a real Banach space with norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert \cdot \Vert $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X^{*}$\end{document}$ be its dual space. '→' denotes strong convergence and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\langle x,f \rangle$\end{document}$ is the value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f \in X^{*}$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in X$\end{document}$.

The function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho_{X}: [0,+\infty) \rightarrow [0,+\infty)$\end{document}$ is called the modulus of smoothness of *X* if it is defined as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho_{X}(t) = \operatorname{sup} \biggl\{ \frac{1}{2} \bigl( \Vert x+y \Vert + \Vert x-y \Vert \bigr)-1: x,y \in X, \Vert x \Vert =1, \Vert y \Vert \leq t \biggr\} . $$\end{document}$$ A Banach space *X* is said to be uniformly smooth if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{\rho _{X}(t)}{t} \rightarrow0$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t \rightarrow0$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p > 1$\end{document}$ be a real number, a Banach space *X* is said to be *p*-uniformly smooth with constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{p}$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{p} > 0$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho_{X}(t)\leq K_{p}t^{p}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t > 0$\end{document}$. It is well known that every *p*-uniformly smooth Banach space is uniformly smooth. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p> 1$\end{document}$, the generalized duality mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{p}: X \rightarrow2^{X^{*}}$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J_{p}x: = \bigl\{ f \in X^{*}: \langle x, f\rangle= \Vert x \Vert ^{p}, \Vert f \Vert = \Vert x \Vert ^{p-1} \bigr\} , \quad x \in X. $$\end{document}$$ In particular, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J: = J_{2}$\end{document}$ is called the normalized duality mapping.
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Let *D* be a nonempty closed convex subset of *X* and *Q* be a mapping of *X* onto *D*. Then *Q* is said to be sunny \[[@CR5]\] if $\documentclass[12pt]{minimal}
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                \begin{document}$R(Q)$\end{document}$ is the range of *Q*. A subset *D* of *X* is said to be a sunny non-expansive retract of *X* \[[@CR5]\] if there exists a sunny non-expansive retraction of *X* onto *D* and it is called a non-expansive retract of *X* if there exists a non-expansive retraction of *X* onto *D*.

It is a hot topic in applied mathematics to find zero points of the sum of two accretive mappings, namely, a solution of the following inclusion problem: $$\documentclass[12pt]{minimal}
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For example, a stationary solution to the initial value problem of the evolution equation $$\documentclass[12pt]{minimal}
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In 2015, Wei et al. \[[@CR9]\] extended the related work of ([1.1](#Equ1){ref-type=""}) from a Hilbert space to the real smooth and uniformly convex Banach space and from two accretive mappings to two finite families of accretive mappings: $$\documentclass[12pt]{minimal}
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The implicit midpoint rule is one of the powerful numerical methods for solving ordinary differential equations, and it has been extensively studied by Alghamdi et al. They presented the following implicit midpoint rule for approximating the fixed point of a non-expansive mapping in a Hilbert space *H* in \[[@CR10]\]: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x_{1} \in H,\quad x_{n+1}= (1-\alpha_{n})x_{n} + \alpha_{n} T \biggl(\frac {x_{n}+x_{n+1}}{2} \biggr), \quad n \in N, $$\end{document}$$ where *T* is non-expansive from *H* to *H*. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(T) \neq \emptyset$\end{document}$, then they proved that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{n}\}$\end{document}$ converges weakly to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{0} \in F(T)$\end{document}$ under some conditions.

Combining the ideas of forward-backward method and midpoint method, Wei et al. extended the study of two finite families of accretive mappings to two infinite families of accretive mappings \[[@CR3]\] in a real *q*-uniformly smooth and uniformly convex Banach space: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} x_{0}\in D,\\ y_{n} = Q_{D}[(1-\alpha_{n})(x_{n}+e'_{n})],\\ z_{n}= \delta_{n}y_{n} + \beta_{n}\sum_{i = 1}^{\infty}a_{i} J_{r_{n,i}}^{A_{i}}[\frac{y_{n}+z_{n}}{2}-r_{n,i}B_{i}(\frac{y_{n}+z_{n}}{2})] +\zeta_{n} e''_{n},\\ x_{n+1}=\gamma_{n} \eta f(x_{n})+(I-\gamma_{n}T)z_{n}+e'''_{n}, \quad n \in N\cup\{0\}, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{e'_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{e''_{n}\}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{e'''_{n}\}$\end{document}$ are three error sequences, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{i}: D \rightarrow X$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{i}: D \rightarrow X$\end{document}$ are m-accretive mappings and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{i}$\end{document}$-inversely strongly accretive mappings, respectively, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T: X \rightarrow X$\end{document}$ is a strongly positive linear bounded operator with coefficient *γ̅*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f: X \rightarrow X $\end{document}$ is a contraction, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n = 1}^{\infty}a_{n} = 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < a_{n} < 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta_{n} + \beta_{n} +\zeta_{n} \equiv1$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \in N\cup\{ 0\}$\end{document}$. The iterative sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{n}\}$\end{document}$ is proved to converge strongly to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{0} \in\bigcap_{i = 1}^{\infty} N(A_{i}+B_{i})$\end{document}$, which solves the following variational inequality: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\langle (T - \eta f)p_{0}, J(p_{0} - z) \bigr\rangle \leq0, \quad z \in\bigcap_{i = 1}^{\infty}N(A_{i} + B_{i}). $$\end{document}$$
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Inspired by the work mentioned above, in Section [2](#Sec2){ref-type="sec"}, we shall construct a new modified forward-backward splitting midpoint iterative algorithm to approximate the zero points of the sum of infinite *m*-accretive mappings and infinite $\documentclass[12pt]{minimal}
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We need the following preliminaries in our paper.
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Lemma 1.2 {#FPar2}
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Lemma 1.8 {#FPar8}
---------

\[[@CR17]\]

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p > 1$\end{document}$, *the following inequality holds*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ab \leq\frac{1}{p} a^{p} + \frac{p-1}{p}b^{\frac{p}{p-1}}, $$\end{document}$$ *for any positive real numbers* *a* *and* *b*.

Lemma 1.9 {#FPar9}
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Strong convergence theorems {#Sec2}
===========================

Theorem 2.1 {#FPar10}
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We split the proof into five steps.
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-----------

*Let* *X* *be a real uniformly convex and* *p*-*uniformly smooth Banach space with constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{p}$\end{document}$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p \in(1,2]$\end{document}$ *and* *D* *be a nonempty closed and convex sunny non*-*expansive retract of* *X*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{D}$\end{document}$ *be the sunny non*-*expansive retraction of* *X* *onto* *D*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f: X \rightarrow X$\end{document}$ *be a contraction with coefficient* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k \in(0,1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{i}: D \rightarrow X$\end{document}$ *be m*-*accretive mappings*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{i}: D \rightarrow X$\end{document}$ *be* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{i}$\end{document}$-*inversely strongly accretive mappings*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W_{i}: X \rightarrow X$\end{document}$ *be* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu_{i}$\end{document}$-*strictly pseudo*-*contractive mappings and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma_{i}$\end{document}$-*strongly accretive mappings with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu_{i}+\gamma_{i} > 1$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i\in N$\end{document}$. *Suppose* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\omega_{i}^{(1)}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\omega_{i}^{(2)}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\alpha_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{ \beta_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\vartheta_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\nu_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\xi_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\delta_{n}\}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\zeta_{n}\}$\end{document}$ *are real number sequences in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{r_{n,i}\} \subset(0,+\infty)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{a_{n}\}\subset X$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{b_{n}\}\subset D$\end{document}$ *are error sequences*, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \in N$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$. *Suppose* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bigcap_{i = 1}^{\infty}N(A_{i}+C_{i})\neq\emptyset$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{n}\} $\end{document}$ *be generated by the following iterative algorithm*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \textstyle\begin{cases} x_{1} \in D,\\ u_{n} = Q_{D}(\alpha_{n} x_{n}+\beta_{n} a_{n}),\\ v_{n} = \vartheta_{n} u_{n}+\nu_{n}\sum_{i = 1}^{\infty}\omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})(\frac{u_{n}+v_{n}}{2})+\xi_{n} b_{n},\\ x_{n+1}= \delta_{n} f(x_{n})+(1-\delta_{n})(I-\zeta_{n}\sum_{i = 1}^{\infty }\omega_{i}^{(1)}W_{i})\sum_{i = 1}^{\infty}\omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})(\frac{u_{n}+v_{n}}{2}), \quad n \in N.\hspace{-20pt} \end{cases}\displaystyle \end{aligned}$$ \end{document}$$ *Under the following assumptions*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha_{n}+\beta_{n} \leq1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vartheta_{n} + \nu_{n}+\xi_{n} \equiv1$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \in N$\end{document}$;(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i = 1}^{\infty} \omega_{i}^{(1)} = \sum_{i = 1}^{\infty} \omega_{i}^{(2)}= 1$\end{document}$;(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n = 1}^{\infty} \Vert a_{n} \Vert <+ \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n = 1}^{\infty} \Vert b_{n} \Vert <+ \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n = 1}^{\infty} (1-\alpha_{n}) <+ \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n = 1}^{\infty} \xi_{n} <+ \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n \rightarrow\infty} \sum_{i = 1}^{\infty}r_{n,i} = 0$\end{document}$;(iv)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n \rightarrow\infty}\delta_{n} = 0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n = 1}^{\infty } \delta_{n} = + \infty$\end{document}$;(v)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1-\alpha_{n}+ \Vert a_{n} \Vert = o(\delta_{n})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi_{n} = o(\delta_{n})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\zeta_{n} = o(\xi_{n})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\nu_{n} \nrightarrow 0$\end{document}$, *as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \rightarrow \infty$\end{document}$;(vi)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i = 1}^{\infty}\omega_{i}^{(1)} \Vert W_{i} \Vert <+ \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < r_{n,i}\leq(\frac{p\theta_{i}}{K_{p}})^{\frac{1}{p-1}}$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \in N$\end{document}$, *the iterative sequence* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{n} \rightarrow q_{0}\in\bigcap_{i = 1}^{\infty }N(A_{i}+C_{i})$\end{document}$, *which is the unique solution of the variational inequality* ([2.1](#Equ11){ref-type=""}).

Proof {#FPar13}
-----

We split the proof into four steps.
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                \begin{document}$$\begin{aligned} \Vert v_{n} - p \Vert &\leq \vartheta_{n} \Vert u_{n}-p \Vert +\nu_{n} \biggl\Vert \frac{u_{n}+v_{n}}{2}-p \biggr\Vert +\xi_{n} \Vert b_{n}-p \Vert \\ & \leq \biggl(\vartheta_{n}+\frac{\nu_{n}}{2} \biggr) \Vert u_{n}-p \Vert +\frac {\nu_{n}}{2} \Vert v_{n}-p \Vert + \xi_{n} \Vert b_{n}-p \Vert . \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned}[b] \Vert v_{n} - p \Vert &\leq \biggl(\frac {2\vartheta_{n}+\nu_{n}}{2-\nu_{n}} \biggr) \Vert u_{n}-p \Vert + \frac{2\xi _{n}}{2-\nu_{n}} \Vert b_{n}-p \Vert \\ &\leq\alpha_{n} \Vert x_{n}-p \Vert +\beta_{n} \Vert a_{n} \Vert +(1-\alpha_{n}) \Vert p \Vert +2 \Vert b_{n} \Vert +\frac{2\xi_{n}}{2-\nu_{n}} \Vert p \Vert . \end{aligned} $$\end{document}$$

Using Lemma [1.2](#FPar2){ref-type="sec"} and ([2.8](#Equ18){ref-type=""}), we have, for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \Vert x_{n+1} - p \Vert &\leq \delta _{n} \bigl\Vert f(x_{n}) - f(p) \bigr\Vert +\delta_{n} \bigl\Vert f(p) - p \bigr\Vert \\ &\quad{}+ (1-\delta_{n}) \Biggl\Vert \Biggl(I-\zeta_{n} \sum_{i = 1}^{\infty }\omega_{i}^{(1)}W_{i} \Biggr)\sum_{i = 1}^{\infty}\omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) - p \Biggr\Vert \hspace{-20pt} \\ &\leq\delta_{n}k \Vert x_{n}-p \Vert + \delta_{n} \bigl\Vert f(p) - p \bigr\Vert + (1-\delta_{n}) \zeta_{n}\sum_{i = 1}^{\infty}\omega _{i}^{(1)} \Vert W_{i} \Vert \Vert p \Vert \\ &\quad{}+ (1-\delta_{n})\Biggl\Vert \sum_{i = 1}^{\infty} \omega _{i}^{(1)}(I-\zeta_{n}W_{i})\sum _{i = 1}^{\infty}\omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \\ &\quad{} - \sum_{i = 1}^{\infty} \omega_{i}^{(1)}(I-\zeta_{n}W_{i})\sum _{i = 1}^{\infty}\omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})p \Biggr\Vert \\ & \leq\delta_{n}k \Vert x_{n}-p \Vert + \delta_{n} \bigl\Vert f(p) - p \bigr\Vert + (1-\delta_{n}) \zeta_{n}\sum_{i = 1}^{\infty}\omega _{i}^{(1)} \Vert W_{i} \Vert \Vert p \Vert \\ &\quad{}+ (1-\delta_{n}) \Biggl[1-\zeta_{n} \Biggl(1-\sum _{i = 1}^{\infty}\omega _{i}^{(1)} \sqrt{\frac{1-\gamma_{i}}{\mu_{i}}} \Biggr) \Biggr]\\ &\quad {}\times \biggl[\alpha_{n} \Vert x_{n} - p \Vert +\beta_{n} \Vert a_{n} \Vert +(1-\alpha_{n}) \Vert p \Vert +2 \Vert b_{n} \Vert + \frac{\xi_{n}}{2-\nu_{n}} \Vert p \Vert \biggr] \\ & \leq \Biggl\{ (1-\delta_{n}) \Biggl[1-\zeta_{n} \Biggl(1- \sum_{i = 1}^{\infty}\omega _{i}^{(1)} \sqrt{\frac{1-\gamma_{i}}{\mu_{i}}} \Biggr) \Biggr] +\delta_{n}k \Biggr\} \Vert x_{n}-p \Vert + \delta_{n} \bigl\Vert f(p) - p \bigr\Vert \hspace{-20pt} \\ &\quad{}+ (1-\delta_{n}) \Biggl[1-\zeta_{n} \Biggl(1-\sum _{i = 1}^{\infty}\omega _{i}^{(1)} \sqrt{\frac{1-\gamma_{i}}{\mu_{i}}} \Biggr) \Biggr]\\ &\quad {}\times \biggl[\beta_{n} \Vert a_{n} \Vert +(1-\alpha_{n}) \Vert p \Vert + \Vert b_{n} \Vert +\frac{\xi_{n}}{2-\nu_{n}} \Vert p \Vert \biggr] \\ &\quad{}+ (1-\delta_{n})\zeta_{n}\sum _{i = 1}^{\infty}\omega_{i}^{(1)} \Vert W_{i} \Vert \Vert p \Vert . \end{aligned} $$\end{document}$$

By using the inductive method, we can easily get the following result from ([2.9](#Equ19){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert x_{n+1}-p \Vert &\leq \max \biggl\{ \Vert x_{1} - p \Vert , \frac{\sum_{i = 1}^{\infty}\omega_{i}^{(1)} \Vert W_{i} \Vert \Vert p \Vert }{1-\sum_{i = 1}^{\infty}\omega _{i}^{(1)}\sqrt{\frac{1-\gamma_{i}}{\mu_{i}}}}, \frac{ \Vert f(p)-p \Vert }{1-k} \biggr\} \\ &\quad{}+\sum_{k = 1}^{n}(1- \delta_{k}) \Biggl[1- \zeta_{k} \Biggl(1-\sum _{i = 1}^{\infty} \omega_{i}^{(1)}\sqrt{ \frac{1-\gamma_{i}}{\mu_{i}}} \Biggr) \Biggr]\\ &\quad {}\times \biggl[ \beta_{k} \Vert a_{k} \Vert +(1-\alpha_{k}) \Vert p \Vert + \Vert b_{k} \Vert +\frac{\xi_{k}}{2-\nu_{k}} \Vert p \Vert \biggr]. \end{aligned} $$\end{document}$$

Therefore, from assumptions (iii) and (vi), we know that $\documentclass[12pt]{minimal}
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                \begin{document}$q_{0} \in\bigcap_{i = 1}^{\infty}N(A_{i}+C_{i})$\end{document}$, which solves the variational inequality ([2.1](#Equ11){ref-type=""}).
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                \begin{document}$t \rightarrow0$\end{document}$, which is the unique solution of the variational inequality ([2.1](#Equ11){ref-type=""}).

Step 4. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{n} \rightarrow q_{0}$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \rightarrow\infty$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q_{0}$\end{document}$ is the same as that in Step 3.
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                \begin{document}$C_{1}:= \operatorname{sup}\{2 \Vert \alpha_{n}x_{n}+\beta_{n}a_{n}-q_{0} \Vert ^{p-1}, 2 \Vert q_{0} \Vert \Vert \alpha_{n}x_{n}+\beta _{n}a_{n}-q_{0} \Vert ^{p-1}: n \in N\}$\end{document}$, then from Step 2 and assumption (iii), $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \Vert u_{n} - q_{0} \Vert ^{p} &\leq \alpha_{n} \Vert x_{n}-q_{0} \Vert ^{p}-p(1- \alpha_{n}) \bigl\langle q_{0}, J_{p}( \alpha_{n}x_{n}+\beta_{n}a_{n}-q_{0}) \bigr\rangle \\ &\quad{}+p\beta_{n} \bigl\langle a_{n}, J_{p}( \alpha_{n}x_{n}+\beta_{n}a_{n}-q_{0}) \bigr\rangle \\ &\leq \alpha_{n} \Vert x_{n}-q_{0} \Vert ^{p}+C_{1}(1-\alpha_{n})+C_{1} \Vert a_{n} \Vert . \end{aligned} $$\end{document}$$

Using Lemma [1.1](#FPar1){ref-type="sec"}, we know that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert v_{n}-q_{0} \Vert ^{p} &\leq\vartheta_{n} \Vert u_{n} - q_{0} \Vert ^{p}+\nu_{n} \sum _{i = 1}^{\infty} \omega_{i}^{(2)} \biggl\Vert J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl( \frac{u_{n}+v_{n}}{2} \biggr)-q_{0} \biggr\Vert ^{p} \\ &\quad {}+ \xi_{n} \Vert b_{n}-q_{0} \Vert ^{p} \\ &\leq \biggl(\vartheta_{n}+\frac{\nu_{n}}{2} \biggr) \Vert u_{n} - q_{0} \Vert ^{p}+\frac{\nu_{n}}{2} \Vert v_{n} - q_{0} \Vert ^{p} \\ &\quad {}- \nu_{n} \sum_{i = 1}^{\infty} \omega_{i}^{(2)}r_{n,i} \bigl(\theta_{i}p - r_{n,i}^{p-1}K_{p} \bigr) \biggl\Vert C_{i} \biggl(\frac{u_{n}+v_{n}}{2} \biggr)-C_{i}q_{0} \biggr\Vert ^{p} \\ &\quad{}-\nu_{n} \sum_{i = 1}^{\infty} \omega_{i}^{(2)}\varphi_{p} \biggl(\biggl\Vert \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) \biggl(\frac{u_{n}+v_{n}}{2}-r_{n,i}C_{i} \biggl(\frac {u_{n}+v_{n}}{2} \biggr) \biggr)\\ &\quad{}- \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) (q_{0} -r_{n,i}C_{i}q_{0}) \biggr\Vert \biggr) + \xi_{n} \Vert b_{n}-q_{0} \Vert^{p}. \end{aligned} $$\end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \Vert v_{n}-q_{0} \Vert ^{p} &\leq\frac {2\vartheta_{n}+\nu_{n}}{2-\nu_{n}} \Vert u_{n} - q_{0} \Vert ^{p}+ \frac {2\xi_{n}}{2-\nu_{n}} \Vert b_{n}-q_{0} \Vert ^{p} \\ &\quad{} -\frac{2\nu_{n}}{2-\nu_{n}} \sum_{i = 1}^{\infty} \omega _{i}^{(2)}r_{n,i} \bigl(\theta_{i}p - r_{n,i}^{p-1}K_{p} \bigr) \biggl\Vert C_{i} \biggl(\frac{u_{n}+v_{n}}{2} \biggr)-C_{i}q_{0} \biggr\Vert ^{p} \\ &\quad{}-\frac{2\nu_{n}}{2-\nu_{n}} \sum_{i = 1}^{\infty} \omega _{i}^{(2)}\varphi_{p} \biggl(\biggl\Vert \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) \biggl(\frac {u_{n}+v_{n}}{2}-r_{n,i}C_{i} \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \biggr)\\ &\quad {}- \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) (q_{0} -r_{n,i}C_{i}q_{0})\biggr\Vert \biggr). \end{aligned} $$\end{document}$$

Now, from ([2.10](#Equ20){ref-type=""})--([2.11](#Equ21){ref-type=""}) and Lemmas [1.4](#FPar4){ref-type="sec"} and [1.5](#FPar5){ref-type="sec"}, we know that for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \Vert x_{n+1} - q_{0} \Vert ^{p}\\ &\quad = \Biggl\Vert \delta_{n} \bigl(f(x_{n}) - q_{0} \bigr)+ (1-\delta_{n}) \Biggl(\sum _{k = 1}^{\infty} \omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) -q_{0} \Biggr) \\ &\qquad{} -(1-\delta_{n})\zeta_{n}\sum _{i = 1}^{\infty} \omega _{i}^{(1)}W_{i} \Biggl(\sum_{i = 1}^{\infty} \omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr)\Biggr\Vert ^{p} \\ &\quad \leq(1-\delta_{n}) \biggl\Vert \frac{u_{n}+v_{n}}{2}- q_{0} \biggr\Vert ^{p}\\ &\qquad {}+ p\delta_{n} \bigl\langle f(x_{n})-f(q_{0}), J_{p}(x_{n+1}-q_{0}) \bigr\rangle +p\delta _{n} \bigl\langle f(q_{0})-q_{0}, J_{p}(x_{n+1}-q_{0}) \bigr\rangle \\ &\qquad{} - p (1-\delta_{n})\zeta_{n} \Biggl\langle \sum _{i = 1}^{\infty}\omega _{i}^{(1)}W_{i} \Biggl(\sum_{i = 1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr), J_{p}(x_{n+1}-q_{0}) \Biggr\rangle \\ &\quad \leq(1-\delta_{n}) \biggl(\frac{ \Vert u_{n} - p_{0} \Vert ^{2}}{2}+\frac { \Vert v_{n} - p_{0} \Vert ^{2}}{2} \biggr)\\ &\qquad {}+ p\delta_{n}k \Vert x_{n}-q_{0} \Vert \Vert x_{n+1}-q_{0} \Vert ^{p-1}+p\delta _{n} \bigl\langle f(q_{0})-q_{0}, J_{p}(x_{n+1}-q_{0}) \bigr\rangle \\ &\qquad{} - p (1-\delta_{n})\zeta_{n} \Biggl\langle \sum _{i = 1}^{\infty}\omega _{i}^{(1)}W_{i} \Biggl(\sum_{i = 1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr), J_{p}(x_{n+1}-q_{0}) \Biggr\rangle \\ & \quad \leq(1-\delta_{n}) \Vert u_{n} - p_{0} \Vert ^{2}+(1-\delta_{n}) \Biggl[\frac {\xi_{n}}{2-\nu_{n}} \Vert b_{n}-q_{0} \Vert ^{p} \\ &\qquad{}-\frac{\nu_{n}}{2-\nu_{n}} \sum_{i = 1}^{\infty} \omega _{i}^{(2)}r_{n,i} \bigl(\theta_{i}p - r_{n,i}^{p-1}K_{p} \bigr) \biggl\Vert C_{i} \biggl(\frac{u_{n}+v_{n}}{2} \biggr)-C_{i}q_{0} \biggr\Vert ^{p} \\ &\qquad{}-\frac{\nu_{n}}{2-\nu_{n}} \sum_{i = 1}^{\infty} \omega _{i}^{(2)}\varphi_{p} \biggl(\biggl\Vert \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) \biggl(\frac {u_{n}+v_{n}}{2}-r_{n,i}C_{i} \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \biggr)\\ &\qquad {}- \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) (q_{0} -r_{n,i}C_{i}q_{0})\biggr\Vert \biggr) \Biggr] \\ &\qquad{}+pk\delta_{n} \Vert x_{n}-q_{0} \Vert \Vert x_{n+1}-q_{0} \Vert ^{p-1}+p \delta_{n} \bigl\langle f(q_{0})-q_{0}, J_{p}(x_{n+1}-q_{0}) \bigr\rangle \\ &\qquad{}-p (1-\delta_{n})\zeta_{n} \Biggl\langle \sum _{i = 1}^{\infty}\omega _{i}^{(1)}W_{i} \Biggl(\sum_{i = 1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac {u_{n}+v_{n}}{2} \biggr) \Biggr),J_{p}(x_{n+1}-q_{0}) \Biggr\rangle \\ &\quad{} \leq(1-\delta_{n}) \Vert x_{n} - p_{0} \Vert ^{p}+ C_{1} \bigl(1-\alpha_{n}+ \Vert a_{n} \Vert \bigr)+k\delta_{n} \Vert x_{n}-q_{0} \Vert ^{p}\\ &\qquad {}+k\delta_{n} \Vert x_{n+1}-q_{0} \Vert ^{p}+\frac{\xi_{n}}{2-\nu_{n}} \Vert b_{n}-q_{0} \Vert ^{p} \\ &\qquad{} -(1-\delta_{n})\frac{\nu_{n}}{2-\nu_{n}} \sum _{i = 1}^{\infty } \omega_{i}^{(2)} \varphi_{p} \biggl(\biggl\Vert \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) \biggl(\frac {u_{n}+v_{n}}{2}-r_{n,i}C_{i} \biggl( \frac{u_{n}+v_{n}}{2} \biggr) \biggr)\\ &\qquad {}- \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) (q_{0} -r_{n,i}C_{i}q_{0})\biggr\Vert \biggr) +p\delta_{n} \bigl\langle f(q_{0})-q_{0}, J_{p}(x_{n+1}-q_{0}) \bigr\rangle \\ &\qquad{}+2\zeta_{n}\sum_{i = 1}^{\infty} \omega_{i}^{(1)} \Biggl\Vert W_{i} \Biggl( \sum _{i = 1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\Vert \bigl\Vert J_{p}(x_{n+1}-q_{0}) \bigr\Vert , \end{aligned}$$ \end{document}$$ which implies that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\Vert x_{n+1} - q_{0} \Vert ^{p}\\ &\quad \leq\frac{1-\delta _{n}(1-k)}{1-\delta_{n}k} \Vert x_{n} - q_{0} \Vert ^{p} + \frac {C_{1}(1-\alpha_{n}+ \Vert a_{n} \Vert )}{1-\delta_{n}k} \\ &\qquad{} + \frac{1}{1-\delta_{n}k} \Biggl(\frac{\xi_{n}}{2-\nu_{n}} \Vert b_{n}-q_{0} \Vert ^{p}+p\delta_{n} \bigl\langle f(q_{0})-q_{0}, J_{p}(x_{n+1}-q_{0}) \bigr\rangle \\ &\qquad{} +2\zeta_{n}\sum_{i = 1}^{\infty} \omega_{i}^{(1)} \Biggl\Vert W_{i} \Biggl( \sum _{i = 1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\Vert \bigl\Vert J_{p}(x_{n+1}-q_{0}) \bigr\Vert \Biggr) \\ &\qquad{} - (1-\delta_{n})\frac{\nu_{n}}{2-\nu_{n}}\frac{1}{1-\delta_{n}k}\sum _{i = 1}^{\infty}\omega_{i}^{(2)} \varphi_{p} \biggl(\biggl\Vert \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) \biggl(\frac{u_{n}+v_{n}}{2}-r_{n,i}C_{i} \biggl( \frac {u_{n}+v_{n}}{2} \biggr) \biggr)\\ &\qquad {}- \bigl(I-J^{A_{i}}_{r_{n,i}} \bigr) (q_{0} -r_{n,i}C_{i}q_{0})\biggr\Vert \biggr). \end{aligned}$$ \end{document}$$
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Our next discussion will be divided into two cases.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i = 1}^{\infty} \omega_{i}^{(2)}\Vert(I-J^{A_{i}}_{r_{n,i}})(\frac {u_{n}+v_{n}}{2}-r_{n,i}C_{i}(\frac{u_{n}+v_{n}}{2}))-(I-J^{A_{i}}_{r_{n,i}})(q_{0} -r_{n,i}C_{i}q_{0})\Vert\rightarrow0$\end{document}$, as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered} \biggl\Vert u_{t}^{n} - \frac{u_{n}+v_{n}}{2} \biggr\Vert ^{p} \\ \quad = \Biggl\Vert u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr)\\ \qquad {}+\sum_{i = 1}^{\infty} \omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac {u_{n}+v_{n}}{2} \biggr) - \frac{u_{n}+v_{n}}{2} \Biggr\Vert ^{p} \\ \quad \leq \Biggl\Vert u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr\Vert ^{p} \\ \qquad{} + p \Biggl\langle \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) - \frac {u_{n}+v_{n}}{2}, J_{p} \biggl(u_{t}^{n} - \frac{u_{n}+v_{n}}{2} \biggr) \Biggr\rangle \\ \quad = \Biggl\Vert tf \bigl(u_{t}^{n} \bigr) + (1-t) \Biggl(I- \kappa_{t}\sum_{i = 1}^{\infty}\omega _{i}^{(1)}W_{i} \Biggr) \Biggl(\sum _{i=1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \Biggr) \\ \qquad{} - \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr)\Biggr\Vert ^{p} \\ \qquad{} + p \Biggl\langle \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) - \frac {u_{n}+v_{n}}{2}, J_{p} \biggl(u_{t}^{n} - \frac{u_{n}+v_{n}}{2} \biggr) \Biggr\rangle \\ \quad \leq \biggl\Vert u_{t}^{n}-\frac{u_{n}+v_{n}}{2} \biggr\Vert ^{p} + pt \Biggl\langle f \bigl(u_{t}^{n} \bigr) - \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \\ \qquad{} -\frac{\kappa_{t}}{t}(1-t)\sum_{i = 1}^{\infty} \omega _{i}^{(1)}W_{i} \Biggl(\sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \Biggr),\\ \qquad J_{p} \Biggl(u_{t}^{n} - \sum _{i = 1}^{\infty} \omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac {u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \qquad{} +p \Biggl\langle \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) - \frac {u_{n}+v_{n}}{2}, J_{p} \biggl(u_{t}^{n} - \frac{u_{n}+v_{n}}{2} \biggr) \Biggr\rangle , \end{gathered} $$\end{document}$$ which implies that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered} t \Biggl\langle \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} - f \bigl(u_{t}^{n} \bigr) \\ \qquad{}+\frac{\kappa_{t}}{t}(1-t)\sum_{i = 1}^{\infty} \omega _{i}^{(1)}W_{i} \Biggl(\sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \Biggr), \\ \qquad J_{p} \Biggl(u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \quad\leq \Biggl\Vert \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) - \frac {u_{n}+v_{n}}{2} \Biggr\Vert \biggl\Vert u_{t}^{n}-\frac{u_{n}+v_{n}}{2} \biggr\Vert ^{p-1}. \end{gathered} $$\end{document}$$ So, $\documentclass[12pt]{minimal}
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                \begin{document}$\lim_{t \rightarrow0}\operatorname{limsup}_{n\rightarrow+\infty}\langle\sum_{i = 1}^{\infty} \omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} - f(u_{t}^{n})+\frac{\kappa_{t}}{t}(1-t)\times [4]\sum_{i = 1}^{\infty} \omega _{i}^{(1)}W_{i}(\sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n}), J_{p}(u_{t}^{n} - \sum_{i = 1}^{\infty} \omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})(\frac {u_{n}+v_{n}}{2})) \rangle \leq0$\end{document}$.
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                \begin{document}$\sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \rightarrow\sum_{i = 1}^{\infty} \omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}q_{0} = q_{0}$\end{document}$, as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered} \Biggl\langle q_{0}- f(q_{0}), J_{p} \Biggl(q_{0} - \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \quad= \Biggl\langle q_{0}-f(q_{0}), J_{p} \Biggl(q_{0} - \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \\ \qquad - J_{p} \Biggl(u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \qquad{} + \Biggl\langle q_{0} - f(q_{0}), J_{p} \Biggl(u_{t}^{n} -\sum_{i = 1}^{\infty} \omega_{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac {u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \quad = \Biggl\langle q_{0}-f(q_{0}), J_{p} \Biggl(q_{0} - \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \\ \qquad - J_{p} \Biggl(u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \qquad{} + \Biggl\langle q_{0}-f(q_{0})- \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n}+f \bigl(u_{t}^{n} \bigr) \\ \qquad{} -\frac{\kappa_{t}}{t}(1-t)\sum_{i = 1}^{\infty} \omega _{i}^{(1)}W_{i} \Biggl(\sum _{i=1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \Biggr), \\ \qquad J_{p} \Biggl(u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle \\ \qquad{} + \Biggl\langle \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n}-f \bigl(u_{t}^{n} \bigr) \\ \qquad{} +\frac{\kappa_{t}}{t}(1-t)\sum_{i=1}^{\infty} \omega _{i}^{(1)}W_{i} \Biggl(\sum _{i=1}^{\infty}\omega _{i}^{(2)}J_{r_{n,i}}^{A_{i}}(I-r_{n,i}C_{i})Q_{D}u_{t}^{n} \Biggr), \\ \qquad J \Biggl(u_{t}^{n} - \sum _{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i}) \biggl(\frac{u_{n}+v_{n}}{2} \biggr) \Biggr) \Biggr\rangle , \end{gathered} $$\end{document}$$ we have $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{limsup}_{n\rightarrow+\infty}\langle q_{0}- f(q_{0}), J_{p}(q_{0} - \sum_{i = 1}^{\infty} \omega _{i}^{(2)}J^{A_{i}}_{r_{n,i}}(I-r_{n,i}C_{i})(\frac{u_{n}+v_{n}}{2}))\rangle\leq0$\end{document}$.

From assumptions (iv) and (v) and Step 2, we know that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{limsup}_{n\rightarrow+\infty}\langle q_{0}- f(q_{0}), J_{p}(q_{0} - x_{n+1})\rangle\leq0$\end{document}$. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{limsup}_{n \rightarrow\infty}\varepsilon _{n}^{(2)}\leq0$\end{document}$.

Employing ([2.12](#Equ22){ref-type=""}) again, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert x_{n} - q_{0} \Vert ^{p} \leq \frac{ \Vert x_{n} - q_{0} \Vert ^{p} - \Vert x_{n+1} - q_{0} \Vert ^{p} }{\varepsilon _{n}^{(1)}}+\varepsilon_{n}^{(2)}. $$\end{document}$$
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This completes the proof. □

Remark 2.3 {#FPar14}
----------
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Remark 2.4 {#FPar15}
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Applications {#Sec3}
============

Integro-differential systems {#Sec4}
----------------------------

In Section [3.1](#Sec4){ref-type="sec"}, we shall investigate the following nonlinear integro-differential systems involving the generalized $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{i}$\end{document}$-Laplacian, which have been studied in \[[@CR3]\]: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} \frac{\partial u^{(i)}(x,t)}{\partial t} -\operatorname{div}[(C(x,t)+ \vert \nabla u^{(i)} \vert ^{2})^{\frac {p_{i}-2}{2}}\nabla u^{(i)}] + \varepsilon \vert u^{(i)} \vert ^{r_{i}-2}u^{(i)}\\ \quad {}+ g(x,u^{(i)}, \nabla u^{(i)})+ a \frac{\partial}{\partial t} \int _{\Omega}u^{(i)} \,dx = f(x,t),\quad(x,t) \in\Omega\times(0,T),\\ -\langle\vartheta,(C(x,t)+ \vert \nabla u^{(i)} \vert ^{2})^{\frac{p_{i}-2}{2}}\nabla u^{(i)} \rangle\in\beta_{x}(u^{(i)}), \quad(x,t) \in\Gamma\times(0,T),\\ u^{(i)}(x,0) = u^{(i)}(x, T), \quad x \in\Omega, i \in N, \end{cases} $$\end{document}$$ where Ω is a bounded conical domain of a Euclidean space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R^{N}$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N\geq1$\end{document}$), Γ is the boundary of Ω with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma\in C^{1}$\end{document}$ and *ϑ* denotes the exterior normal derivative to Γ. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\langle\cdot,\cdot\rangle$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert \cdot \vert $\end{document}$ denote the Euclidean inner-product and the Euclidean norm in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R^{N}$\end{document}$, respectively. *T* is a positive constant. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\nabla u^{(i)} = (\frac{\partial u^{(i)}}{\partial x_{1}}, \frac{\partial u^{(i)}}{\partial x_{2}}, \ldots, \frac{\partial u^{(i)}}{\partial x_{N}})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x = (x_{1}, x_{2}, \ldots, x_{N}) \in\Omega$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta_{x}$\end{document}$ is the subdifferential of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{x}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{x}= \varphi(x,\cdot):R\rightarrow R$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\Gamma$\end{document}$. *a* and *ε* are non-expansive constants, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 \leq C(x,t) \in \bigcap_{i = 1}^{\infty}V_{i}: = \bigcap_{i = 1}^{\infty} L^{p_{i}}(0, T; W^{1,p_{i}}(\Omega))$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,t)\in\bigcap_{i = 1}^{\infty} W_{i}: = \bigcap_{i = 1}^{\infty} L^{\max\{p_{i},p_{i}'\}}(0,T; L^{\max\{p_{i},p_{i}'\}}(\Omega))$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g:\Omega\times R^{N+1} \rightarrow R$\end{document}$ are given functions.

Just like \[[@CR3]\], we need the following assumptions to discuss ([3.1](#Equ23){ref-type=""}).

### Assumption 1 {#FPar16}
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### Assumption 2 {#FPar17}

Green's formula is available.
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### Assumption 4 {#FPar19}
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### Assumption 5 {#FPar20}
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                \begin{document}$$\bigl(g(x,r_{1},\ldots,r_{N+1})-g(x,t_{1}, \ldots,t_{N+1}) \bigr)\geq(r_{1} - t_{1}) $$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in\Omega$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(r_{1},\ldots,r_{N+1}),(t_{1},\ldots,t_{N+1})\in R^{N+1}$\end{document}$.

### Assumption 6 {#FPar21}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V^{*}_{i}$\end{document}$ denote the dual space of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V_{i}$\end{document}$. The norm in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V_{i}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert \cdot \Vert _{V_{i}}$\end{document}$, is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\Vert u(x,t) \bigr\Vert _{V_{i}} = \biggl( \int_{0}^{T} \bigl\Vert u(x,t) \bigr\Vert _{W^{1,p_{i}}(\Omega)} ^{p_{i}}\,dt \biggr)^{\frac{1}{p_{i}}}, \quad u(x,t) \in V_{i}. $$\end{document}$$

### Definition 3.1 {#FPar22}

\[[@CR3]\]

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$, define the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{i}: V_{i} \rightarrow V^{*}_{i}$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle w,B_{i}u \rangle= \int_{0}^{T} \int_{\Omega}\bigl\langle \bigl(C(x,t)+ \vert \nabla u \vert ^{2} \bigr)^{\frac{p_{i}-2}{2}}\nabla u, \nabla w \bigr\rangle \,dx \,dt + \varepsilon \int_{0}^{T} \int_{\Omega} \vert u \vert ^{r_{i}-2}uw \,dx \,dt $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u,w \in V_{i}$\end{document}$.

### Definition 3.2 {#FPar23}

\[[@CR3]\]

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$, define the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi_{i}: V_{i} \rightarrow R $\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi_{i}(u)= \int_{0}^{T} \int_{\Gamma}\varphi_{x} \bigl(u\vert_{\Gamma}(x,t) \bigr)\,d\Gamma(x)\,dt $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u(x,t) \in V_{i}$\end{document}$.

### Definition 3.3 {#FPar24}

\[[@CR3]\]

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{i}: D(S_{i}) = \{u(x,t) \in V_{i}: \frac{\partial u }{\partial t} \in V^{*}_{i}, u(x,0) = [4] u(x,T)\} \rightarrow V^{*}_{i}$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{i}u = \frac{\partial u }{\partial t}+ a\frac{\partial}{\partial t} \int_{\Omega}u \,dx. $$\end{document}$$

### Lemma 3.4 {#FPar25}

\[[@CR3]\]

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$, *define a mapping* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{i}: W_{i} \rightarrow2^{W_{i}}$\end{document}$ *as follows*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(A_{i})= \bigl\{ u \in W_{i} \vert \textit{there exists an }f \in W_{i}\textit{ such that }f \in B_{i}u + \partial \Phi_{i}(u) + S_{i}u \bigr\} , $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial\Phi_{i}: V_{i}\rightarrow V^{*}_{i}$\end{document}$ *is the subdifferential of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi _{i}$\end{document}$. *For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u \in D(A_{i})$\end{document}$, *we set* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{i}u =\{f\in W_{i} \vert f \in B_{i}u + \partial \Phi_{i}(u) + S_{i}u\}$\end{document}$. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{i}: W_{i} \rightarrow2^{W_{i}}$\end{document}$ *is m*-*accretive*, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$.

### Lemma 3.5 {#FPar26}

\[[@CR3]\]

*Define* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{i}: D(C_{i}) = L^{\max\{p_{i},p'_{i}\}}(0,T;W^{1,\max\{p_{i},p'_{i}\}}(\Omega))\subset W_{i} \rightarrow W_{i}$\end{document}$ *by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(C_{i}u) (x,t) = g(x,u,\nabla u)-f(x,t) $$\end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\forall u(x,t) \in D(C_{i})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,t)$\end{document}$ *is the same as that in* ([3.1](#Equ23){ref-type=""}), *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{i}: D(C_{i})\subset W_{i} \rightarrow W_{i}$\end{document}$ *is continuous and strongly accretive*. *If we further assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(x,r_{1},\ldots,r_{N+1}) \equiv r_{1}$\end{document}$, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{i}$\end{document}$ *is* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{i}$\end{document}$-*inversely strongly accretive*, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$.

### Lemma 3.6 {#FPar27}

\[[@CR3]\]

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,t)\in\bigcap_{i = 1}^{\infty}W_{i}$\end{document}$, *integro*-*differential systems* ([3.1](#Equ23){ref-type=""}) *have a unique solution* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u^{(i)}(x,t) \in W_{i}$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in N$\end{document}$.

### Lemma 3.7 {#FPar28}

\[[@CR3]\]

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varepsilon\equiv0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(x,r_{1},\ldots,r_{N+1}) \equiv r_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,t) \equiv k $\end{document}$, *where* *k* *is a constant*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u(x,t)\equiv k$\end{document}$ *is the unique solution of integro*-*differential systems* ([3.1](#Equ23){ref-type=""}). *Moreover*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u(x,t)\in\bigcap_{i = 1}^{\infty }W_{i}\vert u(x,t)\equiv k \textit{ satisfying }\text{(3.1)}\} = \bigcap_{i = 1}^{\infty}N(A_{i}+C_{i})$\end{document}$.

### Remark 3.8 {#FPar29}

\[[@CR3]\]

Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p:= \inf_{i \in N}(\min\{ p_{i},p_{i}'\})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q:= \operatorname{sup}_{i \in N}(\max\{p_{i},p_{i}'\})$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X:= L^{\min\{p,p'\}}(0,T; L^{\min\{p,p'\}}(\Omega))$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p}+\frac{1}{p'} = 1$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D:= L^{\max\{q,q'\}}(0,T; W^{1,\max\{q,q'\}}(\Omega))$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{q}+\frac{1}{q'} = 1$\end{document}$.

Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X = L^{p}(0,T;L^{p}(\Omega))$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D = L^{q}(0,T;W^{1,q}(\Omega))$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D \subset W_{i} \subset X$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\forall i \in N$\end{document}$.

### Theorem 3.9 {#FPar30}

*Let* *D* *and* *X* *be the same as those in Remark * [3.8](#FPar29){ref-type="sec"}. *Suppose* $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$A_{i}$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{i}$\end{document}$ *are the same as those in Lemmas* [3.4](#FPar25){ref-type="sec"} *and* [3.5](#FPar26){ref-type="sec"}, *respectively*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$f: X\rightarrow X$\end{document}$ *be a fixed contractive mapping with coefficient* $\documentclass[12pt]{minimal}
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                \begin{document}$W_{i}: X \rightarrow X$\end{document}$ *be* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mu_{i}$\end{document}$-*strictly pseudo*-*contractive mappings and* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\mu_{i}+\gamma_{i} > 1$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsmath}
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                \usepackage{mathrsfs}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\{r_{n,i}\}$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \usepackage{upgreek}
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                \begin{document}$\{b_{n}\} \subset D$\end{document}$ *satisfy the same conditions as those in Theorem * [2.2](#FPar12){ref-type="sec"}, *where* $\documentclass[12pt]{minimal}
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### Theorem 3.10 {#FPar31}
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### Proof {#FPar32}
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This completes the proof. □
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